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SUMMARY

A new analytical solution is presented for the case of a stratified seiche. This solution, especially its energetics, is
useful for the validation of numerical shallow water models under stratified conditions. The utility of the
analytical solution for validation is shown by using it to validate a simple finite difference numerical model. A
comparison of the energetics of the numerical and analytical solutions reveals that the model results converge
rapidly to the analytical solution with increasing resolution, such that a grid size of 306 30 would appear
adequate for validation. In addition to properly resolving the spatial features, good temporal resolution is also
necessary for validation, i.e use of a Courant number (Cr) less than one. For example, owing to the numerical
dispersion of the present model, usingCr�5/4 rather thanCr�1/4 for the 50650 grid resulted in 3�6 times
larger RMS errors of model versus analytical barotropic available potential energy.

This new analytical solution should be applied to a test suite of such validation tools before using such
numerical models to simulate the more realistic geophysical flows encountered in lakes, bays, harbours and semi-
enclosed seas under stratified conditions.# 1997 by John Wiley & Sons, Ltd.
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1. INTRODUCTION

Shallow water circulation models must be numerical in order to simulate realistic geophysical flow
situations, as a general analytical solution that describes the entire range of flow phenomena is
intractable. For the purpose of validating such numerical models, it is necessary to have analytical
solutions to the set of governing equations that the numerical models approximate. A dearth exists of
analytical solutions to the equations of motion that adequately test the validity of numerical models
that seek to approximate those equations. Some good examples of solutions for this purpose are given
by Lynch and Officer.1 The purpose of this paper is to provide one such analytical solution, which
will be appropriate for the validation of models of the equations of motion in settings such as lakes,
bays, harbours and semi-enclosed seas.
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The emphasis here will be on seiches. An example of a solution for a seiche in homogeneous water
was given by Neumann and Pierson.2 The presentation will proceed by first giving the equations of
motion that govern seiches in closed basins. The derivation will proceed by decomposing the
governing equations into their barotropic and baroclinic components and then showing their
respective analytical solutions. An analysis of the energetics will be presented for both the barotropic
and baroclinic components. Next, the combined solution for the (slightly simplified) governing
equations will be presented. The energetics of the combined solutions will then be derived, because
these integral quantities are convenient diagnostic quantities for the validity of numerical solutions.
Finally, an application of the analytical solution to the validation of a simple finite difference
numerical model of the governing equations will be given to illustrate the benefits of using the
analytical solution to validate numerical shallow water models under stratified conditions.

2. GOVERNING EQUATIONS

Using the Boussinesq, hydrostatic and incompressible assumptions and neglecting the non-linear
terms in the momentum equation and the horizontal advection of density in the density equation, the
equations of motion that are applicable to seiche motions in a Cartesian co-ordinate, two-dimensional
(length, depth) region can be simplified to
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Here u and w are velocity components in the respectivex (length) andz (depth, positive upward)
directions,t is time,g is the earth’s gravitational acceleration,P is the hydrostatic pressure andr and
ro are the water density and reference water density respectively.

The horizontal speedu can be decomposed into a depth-averaged component�u and a depth-
variable componentu0 which are defined by

�u �
1
H

�0

ÿH
u dz; �5�

where H is the bottom depth, andu0 � u ÿ �u. With these definitions,�u will correspond to the
barotropic andu0 the baroclinic components ofu.
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The pressureP is hydrostatic and is defined by integrating equation (3) from depthz up to the
perturbation of the surface,Z, from mean sea level:
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where the approximation
� Z

0 r dz � rogZ has been made (note that the reference densityro (equation
(1)) is taken to be the surface density). A time-invariant linear background vertical profile of density,
�r � ro ÿ zDr, is invoked, with a corresponding constant background vertical profile of pressure,�p.
The perturbation densityr0 also has a corresponding perturbation pressurep0 such that

� 0
ÿH p0 dz � 0.

Using the definitions for pressure and surface elevation and denoting the internal pressure as
p � �p � p0, the momentum equation (1) can be expanded to
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where use has been made of the fact that@�p=@x � 0.

3. BAROTROPIC AND BAROCLINIC MODES

Equation (9) can be separated into depth-averaged (barotropic) and depth-variable (baroclinic) parts
(�u andu0). The analysis will proceed by deriving the governing equations for first the barotropic and
then the baroclinic modes of the governing equations. The solutions for both modes will be given,
then recombined to show the full solution.

3.1. Barotropic mode

Applying the depth averaging (as in equation (5)) to equations (2) and (9) yields expressions for the
evolution of the depth-averaged horizontal speed and surface elevation:

@�u

@t
� g

@Z

@x
� 0; �10�

@Z

@t
� H

@�u

@x
� 0; �11�

where use has been made of the definitionw�z � 0� � @Z=@t to derive equation (11) and the boundary
condition onw for a flat bottom,w�z � ÿH� � 0. It may be noted that the depth-averaged equations
are an example of the shallow water equations.

The vertical speed that corresponds to the depth-averaged system will be denoted as�w and is given
by the constraint that it must obey continuity:
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These three equations (10)–(12) comprise the governing equations for the depth-averaged system.
A solution to this system of equations for a seiche in a closed basin of lengthL is2
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whereZo is the amplitude of the surface elevation andco is the gravity wave speed,co �
p
�gH�.

3.1.1. Energetics.The following analysis of the energetics of the barotropic mode follows quite
closely Gill’s3 analysis of the energetics for shallow water motion.

The energy equations for the barotropic mode can be derived directly from equations (10) and (11).
The total energy equation for the barotropic mode is obtained by multiplying equation (10) byroH �u
and equation (11) byrogZ, then adding the two together:

@

@t
�12 roH �u2 � 1

2 rogZ2� �
@

@x
�rogH �uZ� � 0: �16�

In equation (16) the quantity12roH �u2 is the barotropic kinetic energy per unit area and1
2 rogZ2 is the

barotropic potential energy, per unit area, of the perturbation.
The integral of equation (16) over the length of the basin gives the total perturbation energy

balance equation for the barotropic case as

d �E

dt
� �F�x � 0; t� � �F�x � L; t� � 0; �17�

where
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0
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2 rogZ2� dx � KE � APE �18�

is the total barotropic perturbation energy per unit length,KE andAPE are the barotropic kinetic and
available potential perturbation energies respectively, and

�F�x; t� � rogH �uZ �19�

is the barotropic perturbation energy flux.
Because of the boundary conditions on�u in the closed basin,�F�x � 0; t� � �F�x � L; t� � 0. Thus

the total barotropic perturbation energy�E does not change with time. For the seiche solution, (13)–
(15), it is easily verified thatd �E=dt � 0, as
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for that system. Note that�E is time-invariant, becauseKE andAPE are 90� out of phase.

3.2. Baroclinic mode

The baroclinic (depth-variable) equations are derived by subtracting the barotropic equations (10)–
(12) from the full system of equations. For example, the equation for the baroclinic horizontal speed
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u0 is obtained by subtracting equation (10) from equation (9). The resulting set of equations for the
baroclinic mode is
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Equation (25) has been derived by involving the time invariance of�r and by linearizing the density
advection term (i.e.w 0

@ �r=@z instead ofw@r=@z in equation (4)). The non-linear effects that arise from
the vertical density advection can be important and their understanding is desirable. However, the
linearized model allows for an analytical solution which can be used as a validation tool for
numerical models of stratified shallow water systems, which is the primary goal of the present study.
Thus the important question of how to best validate the non-linear vertical density advection has been
left to other studies.

A solution to the baroclinic set of equations (22)–(25) has been derived by Klinck (personal
communication):
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were uo � mpPo=�roNH� is the amplitude of the baroclinic horizontal speed,l and m are the
horizontal and vertical mode numbers respectively,o is the frequency of the baroclinic mode,
o � lHN=�mL�;Po is the amplitude of the internal pressure perturbation andN is the constant
background Brunt-Va¨isäla frequency,N 2 � ÿ�g=ro�@ �r=@z.

To ensure that the solution for the perturbation internal pressure, equation (29), obeys the integral
form of the hydrostatic equation, the definition ofp0 becomesp0 � po � p*, where the artefactpo is
defined aspo � Po cos�lpx=L� cos�ot� and p* is an intermediate variable,p* �

� 0
z r

0g dz. The
corresponding definition for�p is the more straightforward�p �

� 0
z �rg dz, which was used with

equation (3) to produce equation (24).

3.2.1. Energetics.Gill 3 gives an analysis of the energetics of internal waves, which is followed
closely in the following analysis of the energetics of the baroclinic mode.
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The baroclinic perturbation energy equation is obtained by multiplying equation (22) byrou0,
equation (23) byp0, equation (24) byw0 and equation (25) byg2r0=�roN 2� and adding the results:
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The two terms of the baroclinic perturbation energy in equation (30) can be identified as the kinetic
energy�12 g2rou=2� and potential energy�12 g2r=2

=�roN2�� terms. The remaining terms together are the
baroclinic perturbation energy flux.

Integrating equation (30) over the area of the basin shows that the rate of change in energy over
that area is equal to the flux of energy across the sides:
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whereE0, the total baroclinic perturbation energy per unit length, is
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KE0 and APE0 are the baroclinic kinetic and available potential energies respectively and
F 0�x; z; t� � u0p0 � w0p0 is the baroclinic perturbation energy flux. As in the barotropic mode,
because of the boundary conditions,F 0 � 0 at the boundaries of the basin. Thus the total baroclinic
perturbation energy remains constant in time. From the seiche solution for the baroclinic mode,
equations (26)–(29), the baroclinic kinetic energy and baroclinic available potential energy are
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As for the barotropic energy,E0 does not change with time, becauseKE0 and APE0 are 90� out of
phase.

4. COMBINED SOLUTION

The combined solution, which solves equations (1)–(4), except with the linearization of the density
advection term, can be constructed from the above as
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4.1. Energetics

Neither the barotropic nor the baroclinic total perturbation energy varies with time, so the total
perturbation energyE of the combined solution is also time-invariant:
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These integral quantities should be convenient diagnostic quantities for the validity of numerical
solutions of stratified seiches.

5. APPLICATION

In this section a simple numerical scheme using finite differences will be presented that attempts to
solve the governing equations for seiches in closed basins (equations (1)–(4)). The results of the
model will be compared with the analytical solution as derived above in order to show the usefulness
of the analytical solution (especially the energetics) in validating such numerical models.

5.1. Numerical model

The barotropic mode of the numerical model is solved semi-implicitly:

Un�1
i �

gHDt

2Dx
�Zn�1

i�1=2 ÿ Z
n�1
iÿ1=2� � Unÿ1

i ÿ
gHDt

2Dx
�Znÿ1

i�1=2 ÿ Z
nÿ1
iÿ1=2�; �40�

Z
n�1
i �

Dt

2Dx
�Un�1

i�1=2 ÿ Un�1
iÿ1=2� � Z

nÿ1
i ÿ

Dt

2Dx
�Unÿ1

i�1=2 ÿ Unÿ1
iÿ1=2�; �41�

whereU � H �u is the transport per unit width in thex-direction,2Dt is the time step from time level
n ÿ 1 to n � 1 and2Dx is the horizontal spatial interval between like variables on the space-staggered
Arakawa ‘C’ grid, which are indexed by integer values ofi, whereas variable separated only byDx
are indexed by half-integer values ofi. The indexing proceeds fromi � 1 at x � 0 to i � imax at
x � L.

The combined simultaneous equations (40) and (41) form a tridiagonal system that is solved using
what is sometimes referred to at the ‘Thomas algorithm’.4

Upon solution of the barotropic mode equations, the baroclinic mode equations are advanced using
the leapfrog method:
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where2Dz is the vertical spatial interval between like variables, indexed at integer values ofk, and
unlike variables are at the half-integer values (e.g.k � 1

2). Except for the continuity equation (44) and
the first two pressure equations (46) and (47) the baroclinic equations are computed fromk � 1 to
k � kmax, while all equations are computed fromi � 1 to i � imax.

Note that the continuity equation (44) from whichw0 is computed is averaged over time levels
n ÿ 1 andn � 1, as is its barotropic analogue (41), and that it is integrated upwards from the bottom
boundary condition ofw0 � 0 at z � ÿH �k � kmax� to the mean sea surface atz � 0 �k � 1�.

To begin the vertical integration for the intermediate variablep*i;k at k � 1, it is estimated as
p*i;1 � gr0n�1

i;1 Dz=2, after which equation (46) is integrated fromk � 2 to k � kmax. Subsequently, the
pressure artefactpo

i is computed from equation (47), which is derived by noting that
po � ÿ 1

2 p*�z � ÿH� and using linear extrapolation to estimatep*�z � ÿH� from the two pressure
points nearest to the bottom.

The numerical model is applied to a basin with dimensions and stratification similar to those of
East Lagoon, a narrow and shallow coastal lagoon in Galveston, Texas (Figure 1). The dimensions of
East Lagoon areL � 2 km in length and a maximum ofH � 5 m in depth. It has a summertime
stratification in the deeper landward basin that can vary fromro � 1021 kg m73 at the surface to
rH � 1023 kg m73 in the bottom of the basin. With these parameter values the barotropic seiche
period is �T � 2L=co � 9�52 min and the baroclinic seiche period for the first vertical and horizontal
modes �l � m � 1� is T 0 � 2p=o � 11�26 h. The model was run with a spatial resolution of
Dx � 20 m andDz � 0�05 m, resulting in a grid size of 50650 density points.

The initial conditions for the numerical model were set by specifying the solutions at timet � 0 of
the barotropic (equations (13)–(15)) and baroclinic (equations (26)–(29)) modes on the East Lagoon
grid points. The parameters for the initial conditions were specified using the above density
stratification, andZo � 5 cm anduo � 10 cm s71.

To determine the effects of using less resolution, four additional ‘long’ runs were also made, as
summarized in Table I. Also, one more run was done using the 50650 grid, but using the same time
step as the 10610 grid, to determine the effect of using a larger time step.

The energetics of all of these runs were compared with the energetics of the analytical solution by
computing the root mean square error (RMSE) and the index of agreement,d (which Wilmott6 has
argued is preferable to the correlation coefficient for model validation):

d � 1 ÿ
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nj�

2
�49�

whereAn are the analytical energetics (e.g.APE�;Nn are the numerical energetics,A0
n � An ÿ

�A and
N 0

n � Nn ÿ
�A with �A being the mean of the analytical energetics. The interpretation of the index of
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agreement, which has a range of04 d 4 1, is that values ofd which are close to unity indicate that
the model results agree very well with the analytical solution, while value ofd which are close to zero
indicate poor agreement of the model results with the analytical solution. In a loose way, one can
think of the RMS error as being a measure of how well the model results agree with the analytical
solution in terms of magnitude, andd as being a measure of how well the pattern of the model results
matches the pattern of the analytical solution.

Figure 1. Geographical location of East Lagoon on Galveston Island, Texas (after Livingston5)
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For the 506 50 grid a time step ofDt � �T=640 � 0�892 s was used for the ‘short’ run to
n � nmax � 640 to illustrate the barotropic response and a time step ofDt0 � T 0

=57600 � 0�704 s
was used for the ‘long’ run tonmax � 57;600 to show the baroclinic response. As shown in Table I,
the time steps were varied proportionally to the grid interval sizes for the coarser resolution cases.

An explicit time step was used to step the solution forwards from the initial conditions to the first
time step. A 1–2–1 temporal smoother suggested by Killworth7 was used to couple the two modes
that resulted from this start-up procedure, to damp out the computational mode exhibited by the
leapfrog scheme.8 The temporal smoother was subsequently applied every 30th time step.

5.2. Results

A visual comparison of the numerical with the analytical energetics for both one period of the
barotropic mode (the ‘short run’, Figure 2) and one period of the baroclinic mode (the ‘long run’,
Figure 3) shows that the energetics of the numerical results agree quite well with the analytical
solution. Small variations in the numerical results from the analytical solution due to the
computational mode of the leapfrog scheme are efficiently damped by the temporal smoother.

The total energy, as expressed in equation (39), is constant in time. Integration of the equations for
density shows that the basin integral ofr0 is zero, so the only contribution to the total mass comes
from the background density profile, whose basin integral isHL�ro � rH �=2. Figure 4, which shows
these quantities versus time for both the analytical and the numerical solution, demonstrates that the
numerical model conserves both mass and total energy well.

The results of varying the resolution (as summarized in Table II) show that the model results
converge quickly to the analytical solution for the energetics as the resolution increases. The RMSE
decreases with increasing resolution and the index of agreement increases. Figure 5 shows that the
RMSE decreases exponentially with linearly increasing resolution, while the index of agreement only
increases exponentially for the barotropic mode (plots forKE were nearly identical with those for
APE). In contrast, high values�d > 0�97� were obtained for the index of agreement for the baroclinic
mode for all resolutions that were run.

The results of the final run that was done using the 506 50y grid were that the barotropic mode
energetics were much worse in comparison with the analytical solution than those using the 50650
grid, but the baroclinic mode energetics agreed with the analytical solution just about as well. As
shown in Table II, increasing the time step to five times its previous size had the result of increasing
the RMSE from 0�42 to 1�5 kJ m71 (i.e. 3�6 times larger) while decreasing the index of agreement
from 0�998 to 0�970. It will be shown in Section 5�3 that this decrease in how well the model results
agree with the analytical barotropic energetics, without a corresponding decrease in the agreement in

Table I. Grid sizes (number of density points), correspond-
ing grid interval sizes (in metres) and time steps (in
seconds) for five runs that were done to test effects of
changing resolution and one additional run that was done
to test effect of increasing time step (the 50650y grid)

Grid Dx�m� Dz�m� Dt�s�

10610 100 0�25 3�52
20620 50 0�125 1�76
30630 33��3 0�08�3 1�17
40640 25 0�0625 0�88
50650 20 0�05 0�70
50650y 20 0�05 3�52
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the baroclinic energetics, is due to the numerical dispersion of the semi-implicit solution of the
barotropic mode.

5.3. Discussion

The statistical measures given in Table II and shown in Figure 5 reflect the fact that at lower spatial
resolutions the numerical barotropic mode gets out of phase with the analytical solution. Figure 6
illustrates this phase shift for the last barotropic mode of the run using the 106 10 grid. The very low

Figure 2. Energetics of analytical (circles) and 50650 grid numerical (full line) solutions for one period of barotropic seiche:
a, available potential energy of barotropic mode (APEext�APE); b, kinetic energy (KEext�KE)

Figure 3. Energetics of analytical (circles) and 50650 grid numerical (full line) solutions for one period of baroclinic seiche:
a, available potential energy of baroclinic mode (APEint�APE0); b, kinetic energy (KEint�KE0)
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values ofd obtained for the 10610 grid support the interpolation ofd as an indicator of how well the
model results match the pattern of the analytical solution. The relatively high RMSE obtained for that
solution was primarily because of the phase shift; the magnitude of the numericalAPE was otherwise
quite close to the analytical values (Figure 6).

In contrast with the index of agreement forAPE, d remained high forAPE0 regardless of the grid
resolution, because the baroclinic period was so much more well resolved in time than was the
barotropic period. For example, the time step used for the 10610 grid resulted in only 162 time
steps per barotropic period versus 11,520 per baroclinic period, while for the 506 50 grid 811 time
steps were made per barotropic period versus 57,600 per baroclinic period.

One might be tempted to conclude that the mismatch in the phase of the numerical versus
analyticalAPE andKE in the lower-resolution cases was due to numerical dispersion. After all, as
shown in the Appendix, the semi-implicit portion of the numerical scheme is dispersive. However,
the numerical dispersion is dependent upon the Courant number (see equation (55) in the Appendix).
Because the time step for the varying resolution runs was varied proportionally to the grid interval
size (Table I), the Courant number remained the same�Cr � 1=4�. Only the run using the 50650y
grid used a different Courant number�Cr � 5=4�. As can be seen from Figure 7 in the Appendix, the
dispersion for the run using the 50650y grid was much greater than that for the run using the
50650 grid. This larger numerical dispersion was responsible for the worsening of agreement
between the numerical results and the analytical solution for the barotropic energetics, without any
corresponding decrease in the agreement for the baroclinic energetics, when going from the 50650
to the 50650y grid.

6. CONCLUSIONS

An analytical solution has been presented for the case of a stratified seiche. The analytical solution is
useful for the validation of numerical shallow water models under stratified conditions, especially the
energetics of the solution. As an example, a simple finite difference model of the governing equations

Figure 4. Analytical (circles) and 50650 grid numerical (full line) solutions for one period of baroclinic seiche: a, total mass;
b, total energy. Note that both quantities are well conserved by the numerical model
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was presented which combined semi-implicit and leapfrog time stepping for the solution of the
barotropic and baroclinic modes respectively.

From the comparison of the energetics of the numerical and analytical solutions it was shown that
the numerical scheme is convergent. However, at spatial resolutions lower than about 30630
density grid points the barotropic mode of the numerical solution gets out of phase with that of the
analytical solution, substantially worsening the agreement. In contrast, the agreement between the
numerical baroclinic energetics and those of the analytical solution were less susceptible to
decreasing spatial resolution; this is attributed to a far better temporal resolution of the baroclinic
period than for the barotropic period.

Increasing the time step fivefold for the 506 50 grid caused the agreement between the numerical
results and the analytical solution for the barotropic energetics to worsen substantially, without a
corresponding decrease in the agreement for the baroclinic energetics. A linear stability analysis
showed that the dispersive nature of the semi-implicit scheme was responsible for this behaviour.

In conclusion, the analytical solution presented herein is a useful validation tool for numerical
shallow water models. It should be applied amongst a test suite of such validation tools before using

Table II. Root mean square error (RMSE) and index of
agreement,d, for comparison of model energetics results with
analytical solution for five different grid resolutions. The
506 50y grid denotes the 50650 grid, but using the time

step of the 106 10 grid (see Table I)

Grid Quantity RMSE (kJ m71) d

106 10 APE 6�8 0�345
KE 6�8 0�345
APE0 1�1 0�987
KE0 1�5 0�975

206 20 APE 2�6 0�911
KE 2�6 0�911
APE0 0�27 0�999
KE0 0�35 0�998

306 30 APE 1�2 0�982
KE 1�2 0�982
APE0 0�12 1�000
KE0 0�15 1�000

406 40 APE 0�66 0�994
KE 0�66 0�994
APE0 0�068 1�000
KE0 0�085 1�000

506 50 APE 0�42 0�998
KE 0�42 0�998
APE0 0�043 1�000
KE0 0�054 1�000

506 50y APE 1�5 0�970
KE 1�5 0�970
APE0 0�042 1�000
KE0 0�054 1�000
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Figure 5. RMS error (RMSE, full line) and index of agreement (broken line) of comparison of numericalAPE results with
analytical solution for several grid sizes (as number of density points inx-direction): a, barotropic mode

(APEext�APE); b, baroclinic mode (APEint�APE0)

Figure 6. Energetics of analytical (broken line) and 10610 grid numerical (full line) solutions for last barotropic seiche period
during ‘long’ run: a, available potential energy of barotropic mode (APEext�APE); b, kinetic energy (KEext� KE)
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such numerical models to simulate the more realistic geophysical flows encountered in lakes, bays,
harbours and semi-enclosed seas under stratified conditions.
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APPENDIX

To show that the semi-implicit solution of the barotropic mode of the numerical model leads to
numerical dispersion, a linear stability analysis is made of equations (40) and (41). Denoting the
imaginary number as ‘i’, using j for the horizontal index, and substitutingUn

i � ^Uneija and
Zn

i � Ẑneija into equations (40) and (41), then dividing through byeia gives

^Un�1 ÿ ^Un�1 � ÿ
c2

oDt

Dx
i sin

a

2

� �
�Ẑn�1 � Ẑ

nÿ1�; �50�

Ẑ
n�1 ÿ Ẑ

nÿ1 � ÿ
Dt

Dx
i sin

a

2

� �
� ^Un�1 � ^Unÿ1�; �51�

where use has been made of the identityeia=2 ÿ eÿia=2 � 2i sin�a=2�.
To eliminate Ẑ from equations (50) and (51), the time leveln equation of equation (50) is

subtracted from its time leveln � 2 equation. The resulting three-time-level expression for^U
contains term involvinĝZn�2 ÿ Ẑnÿ2, which can be obtained by adding equation (51) at time level
n � 2 to its time leveln equation. Substituting the resulting expression forẐn�2 ÿ Ẑnÿ2 into the three-
time level expression for^U results in

�1 � g
2� ^Un�2 ÿ 2�1 ÿ g

2� ^Un � �1 � g
2� ^Unÿ2 � 0; �52�

whereg2 � Cr
2 sin2�a=2�, with Cr � coDt=Dx being the Courant number.

The amplification of^U as it steps forwards in time from time leveln to n � 2 can be expressed as
^Un�2 � A ^Un, whereA is the amplification factor. With this definition ofA, equation (52) can be
rewritten as a quadratic inA:

A2 ÿ
2�1 ÿ g2�

1 � g2
A � 1 � 0: �53�

Thus the amplification factor for the semi-implicit scheme is

A �
1 ÿ g2 � 2ig

1 � g2
: �54�

The modulus of this amplification factor isjAj2 � 1, so the semi-implicit scheme is unconditionally
stable.

Of more interest to the analysis of the present results, however, is the phase shift of the numerical
scheme. One way to evaluate the phase of the numerical scheme is to use Leenderste’s9 concept of
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the phase factorQ. The phase factor is defined as the ratio of the numerical phase to the analytical
phase. Thus the numerical scheme is too fast ifQ > 1 and too slow (i.e. dispersive) ifQ < 1. For the
present scheme,

Q �
tanÿ1�2g=�1 ÿ g2��

aCr
: �55�

As shown for five values of the Courant number in Figure 7,Q < 1 for the present scheme, thereby
illustrating that the present scheme is dispersive.
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